Abstract: The loop super-Virasoro conformal superalgebra cls associated with the loop superVirasoro algebra is constructed in the present paper. The conformal superderivation algebra of cls is completely determined, which is shown to consist of inner superderivations. And nontrivial free and free Z-graded cls-modules of rank two are classified. We also give a classification of irreducible free cls-modules of rank two and all irreducible submodules of each free Z-graded cls-module of rank two.
Introduction
Lie conformal (super)algebras, originally introduced by Kac in [12, 13] , encode an axiomatic description for the singular part of the operator product expansion of chiral fields in twodimensional conformal field theory. They are very closely related to vertex algebras (cf. [1, 15] ) by the same way as Lie algebras correspond to their universal enveloping algebras. On the other hand, the theory of Lie conformal (super)algebras give us powerful tools for the study of infinite-dimensional Lie (super)algebras and associative algebras satisfying the locality property described in [11] . The conformal (super)algebras have drawn much attention in branches of physics and mathematics since the introduction. The structure theory, representation theory and cohomology theory of finite (i.e., finitely generated as C[∂]-modules) Lie conformal algebras have been well developed (cf. [2, 5, 6, 8] ), and finite simple Lie conformal superalgebras were classified in [9] and their representation theories were developed in [3, 4, 14] .
The object investigated in this paper is a Lie conformal superalgebra closed related to the loop super-Virasoro algebra sl whose structures were studied in [7] . It is defined as a infinitedimensional Lie superalgebra with a basis {L α,i , G µ,j | α, i, j ∈ Z, µ ∈ + Z}, respectively. Clearly, sl0 is just the loop Virasoro algebra (cf. [10] ) and sl1 is † Corresponding author.
its module. Hence, the loop super-Virasoro algebra can be seen as a super extension of the loop Virasoro algebra. Motivated by the idea from [13] we associate a Lie conformal superalgebra with the loop super-Virasoro algebra. It is called the loop super-Virasoro conformal superalgebra, denoted by cls, which is a C[∂]-module cls = ( i∈Z C[∂]L i ) ⊕ ( i∈Z C[∂]G i ) with a C[∂]-basis {L i , G i | i ∈ Z} satisfying the following λ-brackets:
Note that this is an infinite simple Lie conformal superalgebra, containing the loop Virasoro Lie conformal algebra clv = i∈Z C[∂]L i (see [16] ) as its subalgebra. As pointed out previously, the theory of finite simple Lie conformal (super)algebras were well developed, but so far there is no systematic theory for the infinite case. So it is interesting and necessary to develop the theory for infinite simple Lie conformal superalgebras. This is one of our motivations for studying the loop super-Virasoro conformal superalgebra. We shall study the superderivation algebra of cls and free (Z-graded) cls-modules of rank ≤ 2. One interesting aspect is that free (Z-graded) cls-modules of rank 1 are trivial, which is totally different from the loop Virasoro Lie conformal algebra case (all V a,b and V A,b are its nontrivial conformal modules of rank one); and the other interesting aspect is that the even or odd part of a Zgrade free cls-module of rank two has the form V A,b if and only if the other part is A1
2
,b . We remark that an important strategy frequently used in the present paper is to pass modules over cls to modules over clv.
This paper is organized as follows. In Sect. 2, we collect some facts and notions related to Lie conformal superalgebras. In Sect. 3, we determinate conformal superderivations of cls. The Sect. 4 is devoted to giving the classification of all nontrivial free cls-modules of rank less than two. We also determine the irreducibility of these modules and therefore classify all inequivalent irreducible free cls-modules of rank two. And free Z-graded cls-modules of rank less than or equal to two are classified in Sect. 5. Moreover, all irreducible submodules of free Z-graded cls-modules of rank two are completely determined.
Throughout this paper, all vector spaces are assumed to be over the complex field C and all linear maps are C-linear. The main results of this paper are summarized in Theorems 3.1, 4.2, 4.4 and 5.2.
Preliminaries
In this section, we recall some notions related to Lie conformal superalgebras and conformal modules from [8, 12, 13] .
We say that a vector space U is Z 2 -graded if U = U0 ⊕ U1, and x ∈ Uī is called Z 2 -homogenous and write |x| = i. For any two Z 2 -graded vector spaces U and V , a linear map
, called the λ-bracket, and satisfying the following axioms (a, b, c ∈ A) :
2)
It follows from the axioms in (2.1) that
Definition 2.2. A conformal module over a Lie conformal superalgebra
The rank of an A-module V is defined to be the rank of V as C[∂]-module.
Definition 2.3. Let A be a Lie conformal superalgebra.
Note that the loop super-Virasoro conformal superalgebra cls = (cls)0⊕(cls)1 is Z 2 -graded
for any α, β ∈ Z 2 , and on the other hand cls = ⊕ i∈Z (cls) i is also Z-graded with (cls Proof. Take any D ∈ CDer(cls). For this fixed superderivation D and any c ∈ Z, define D c (x j ) = π c+j D(x j ) for any j ∈ Z and x j ∈ (CL) j , where π c is the natural projection from 
In this case, assume that
Setting µ = 0 in the formula above, we get
Setting µ = 0 in (3.1), one has
from which by setting µ = 0 one has
from which by choosing µ = 0 gives
Whence one can see that D 
which must be a finite sum by the fact that D is a linear map from ⊕ i∈Z (cls) i to ⊕ i∈Z (cls) i [λ]. Now it follows from the fact 0 = ad yc (L 0 ) ∈ (cls) c for any 0 = y c ∈ (cls) c that all but finitely many x c are zero, and therefore c∈Z x c ∈ cls. This implies D = c∈Z ad xc = ad c∈Z xc is an inner conformal superderivation. For any a, b ∈ C and c ∈ C * = C \ {0}, on the one hand, define the actions of L i and G i on V as follows:
on the other hand, actions are given by in another way:
It is not hard to see that these two different actions can be extended to the whole cls such that in both cases V is a cls-module. Let us denote the former cls-module by M a,b,c and the x as an clv-module (see [8, 16] ), we can obtain that
for some h(∂) ∈ C[∂] by applying the actions of clv. So c −1
, and then
Now these two elements give
. It follows from the irreducibility of C[∂]x as an clv-module again that x ∈ I f (∂),g(∂) and therefore y ∈ I f (∂),g(∂) by (4.1). Hence, I f (∂),g(∂) = M a,b,c , completing the proof.
(
from which we can see that (a, b, c) = (α, β, γ) and that f (∂) is a constant term, which may be assumed to be 1 by means of replacing x ′ by f (∂)x ′ . It remains to show that R = T .
Suppose on the contrary that R = T . Without loss of generality, we assume that R = M and
is reducible, so φ can not be isomorphic, a contradiction.
The aim of this section is to classify all free cls-modules of rank two. In fact, the two classes of cls-modules constructed as above exhaust all free cls-modules of rank two. 
Note that at least one of c and d is nonzero, without loss of generality, we assume that c = 0. In order to determine the module structure of cls on V we only need to give the explicit actions of G i on x and y. Assume
In particular, setting λ = µ and i = j in above formula one has
which immediately implies Using this lemma, we now can give the proof of the theorem above.
Proof of Theorem
Now view terms on both sides of (4.6) as polynomials in the variable ∂ with coefficients in
, then the coefficient of ∂ 2 in the left hand side must be zero, since deg ∂ g i+j (∂, λ+µ) ≤
1. This forces d = c and hence (4.6) turns out to be
Furthermore, by choosing λ = 0 in (4.7) and comparing the coefficients of ∂µ one can see that deg ∂ g j (∂, λ) = 1 for all j ∈ Z. This allows us for each i ∈ Z to write
Using these expressions, (4.7) is equivalent to
It is not hard to observe from (4.8) that all s i (λ) are equal to a nonzero constant γ, and also
Moreover, replacing y by γy we may assume that γ = 1. At this very moment, (4.9) can be rewritten as
from which one can see that degt i (λ) ≤ 1 and thus has the form t i (λ) = α i λ + β i for any i ∈ Z and some α i , β i ∈ C. Substituting these explicit expressions into (4.10) and carrying a direct computation show that t i (λ) = (2a − 1)λ + b for any i ∈ Z.
To sum up, so far under the assumption
we have obtained the following actions
Then by the remark at the very beginning of this proof, g
which gives immediately rise to g
Case 2. There exists some
For this case, similar arguments as for the previous one can be adopted to show that
We conclude this section with the following classification result, which is a consequence of Proposition 4.1 and Theorem 4.2. 
where a, b ∈ C;
(ii) Denote by V A,b when ⊕ i∈Z C[∂]v i is equipped with the clv-module structure given by (a j , a i+j ) = (1, 0) , where A = (a i ) i∈Z is an element of the product i∈Z Z 2 of {Z 2 } i∈Z . Note that V {0} i∈Z ,b coincides with V 0,b and V {1} i∈Z ,b coincides with V 1,b .
We cite the classification result of nontrivial free Z-graded clv-modules of rank one from [16] as a lemma here.
Let {x i | i ∈ Z} and {y i | i ∈ Z} be two C[∂]-linearly independent sets, and form the (1, 0) ; 
Proof. Note that both V0 and V1 are nontrivial by the remark after Theorem 4.2, hence are nontrivial free Z-graded clv-modules. Let {x i | i ∈ Z} and {y i | i ∈ Z} be C[∂]-bases of V0 and V1. Then by Lemma 5.1, V0 = V a,b or V0 = V A,b for some a, b ∈ C and A ∈ i∈Z Z 2 .
Assume that
). In this case
Assume that V0 = V a,b . This entails us to write explicitly the expressions of f i,j (∂, λ) as:
Setting j = i and µ = λ in (5.2) gives
from which it is not hard to see that for any i, k ∈ Z,
Case 1. As clv-modules, V1 = V A,β for some A ∈ i∈Z Z 2 \ {{0} i∈Z , {1} i∈Z } and β ∈ C.
Then a = Note that there are four different expressions for f ′ i,j (∂, λ). We will check it case by case. (a) There exist some p, q ∈ Z such that f ′ p,q (∂, λ) = (∂ + β)(∂ + λ + β). Choosing i = p, k = q − j and using f i,k (∂, λ) = ∂ + aλ + b in (5.1) we have
Combining this with (5.4), then we must have
It can be also observed from (5.5) that all the leading coefficients of g k,l (∂, λ) are equal (here we regard g k,l (∂, λ) as polynomials in ∂ with coefficients in C[λ]). By rescaling the basis {y i | i ∈ Z} we may assume that all the leading coefficients of g k,l (∂, λ) are equal 1. Hence,
which in turn by using (5.4) forces
In particular,
Similarly, for any j ∈ Z we have:
This is exactly the module M A,b , completing Case 1.
Observe from this formula that the coefficients of ∂ in g j,i+k (∂ + λ, λ), g j,k (∂, µ) and g i+j,k (∂, λ + µ) are equal, which may be assumed to be 1 for convenience. Moreover, the degree
In the former case,
that is, V = M a,b ; while in the later case,
Claim 2. The case V0 = V A,b and V1 = V B,β for some A, B ∈ i∈Z Z 2 \ {{0} i∈Z , {1} i∈Z } and b, β ∈ C can not occur.
Suppose on the contrary that V0 = V A,b and V1 = V B,β . Choosing i = µ = 0 in (5.1), one has
While by definition of the actions of clv,
Combining these two formulae gives
Then b ′ = b, by choosing λ = 0. Now we put (5.6) in the following form:
Taking the operation lim λ→0 on both sides of the above formula we see that g j,k (∂, 0) is solutions of the ordinary differential equation
It is well-known that the general solution of this differential equation is of the form c(∂ + b)
is not an integer. Hence, g j,k (∂, 0) = 0 and thereby g j,k (∂, λ) = 0 by (5.6), a contradiction.
By Claim 2, V1 = V α,β as clv-modules for some α, β ∈ C. Now it follows from proof of
The irreducible submodules of nontrivial free Z-graded cls-modules of rank two can be characterized in the proposition.
Proposition 5.3. We have the following results:
(1) Any nontrivial irreducible cls-submodule of M a,b has the form
, where I is a finite subset of Z and (c i ) i∈I is a sequence of complex numbers; 
, where I is a finite subset of Z and (c i ) i∈I is a sequence of complex numbers; Proof. Here we only give the proofs of (1) 
